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Introduction

If the partners’ actions are not verifiable, partnerships are inefficient
due to deviation by players. Therefore, we aim to design a contract
such that nobody deviates in the equilibrium.

This paper:

Studies deterministic partnerships in which risk neutral partners
jointly produce according to a nonstochastic technology and share the
resulting output.

Gives conditions under which efficiency is attained.
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Notation and Assumptions

N = {1, 2, ..., n} risk neutral partners (n ≥ 2).

Set of possible actions for each partner is Ai .

Disutility function for each partner vi : Ai → R.

Production function f : ×i∈NAi → R, y = f (a).

Efficient actions are those which maximize:

W (a) ≡ y(a)− Σvi (ai ).

Efficient actions are supposed to exist and are unique.

A sharing rule, s : f (A)→ Rn, determines each partner’s share of the
output: si (y) and satisfies the budget constraint: ∀y : Σsi (y) = y .
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Notation and Assumptions - Continued

To each sharing rule s corresponds a partnership game, Γ(s).

The set of strategies for each partner is Ai , and his payoff function is:

ui (a) ≡ si (f (a))− vi (ai )

* Efficiency is sustainable if a sharing rule s exists such that a∗ is a
Nash equilibrium of Γ(s).

* Approximate Efficiency is sustainable if ∀ε > 0, a sharing rule s exists
such that Γ(s) has a mixed strategy equilibrium, P = (P1,P2, ...,Pn),
satisfies:

EP W (ã) >W (a∗)− ε,

where ã is a random variable with distribution P.
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Example 1 - Leontief Production Function

Let Ai = R+, f (a) = min(a1/θ1, ..., an/θn).

Disutility function is strictly convex, differentiable, and satisfies
v ′i (0) = 0 for all i.

Efficient actions are: a∗i = θiy
∗ for all i.

Output is determined by Σθiv
′
i (θiy

∗) = 1.

Define si (y) ≡ θiv ′i (θiy∗)y .
Thus, we can write have:

ui (ai , a
∗
−i ) = θiv

′
i (θiy

∗)×min(ai/θi , y
∗)− vi (ai ).

Best reply of partner i is ai = θiy
∗ = a∗i , and efficiency is sustained.
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Example 2 - Increasing Production Function and Compact
Action Set

Let n = 2,Ai = [0, 2], f (a) = a1 + a2, and vi (ai ) = a2
i /2. Then

a∗ = (1, 1) and it’s not sustainable.

The following mixed strategy is sustainable as an equilibrium:

P1(0) = P1(2) = δ,P(1) = 1− 2δ, and P2(1) = 1

Note that this strategies converge to a∗ as δ → 0.

Define the sharing rule as:

s1(y) = (y − 1)2/2 and s2(y) = y − s1(y) for y ∈ [1, 3],

s1(y) = y + F and s2(y) = −F for y /∈ [1, 3].

Then, for large enough F , P1 is a best reply to P2 and vice versa.

Peyman Shahidi (TeIAS) Moral Hazard Presentation October 23, 2019 6 / 20



Further Notation

Define the set of outputs that partner i can achieve by a unilateral
deviation from a∗:

Yi ≡ {y ∈ R |f (ai , a
∗
−i ) for some ai ∈ Ai}.

And define Y ≡ ∩iYi . Note that y∗ ∈ Y .

Define:
ci (y) ≡ inf {vi (ai )|f (ai , a

∗
−i ) = y , ai ∈ Ai}.

Note that ci (y
∗) = vi (a

∗
i ).

If outputs were shared equally, the most partner i could gain by a
unilateral deviation from a∗ that gives output y would be:

gi (y) ≡ [y/n − ci (y)]− [y∗/n − vi (a
∗
i )]

Therefore, the average gain from deviating to y is:

g(y) ≡ 1

n
Σgi (y) =

1

n
[y − Σci (y)−W (a∗)].
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Main Results

* Theorem 1 : Efficiency is sustainable if and only if:

g(y) ≤ 0 ∀y ∈ Y satisfying y < y∗.
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Main Results - Continued

* Theorem 2 : Approximate efficiency is sustainable if:
A1 : Ai ⊂ R ∀i ∈ N,
A2 : f : A→ R is strictly increasing ,
hold, and a1 = min(A1) and ā1 = max(A1) exist and are finite.
If a∗1 ∈ (a1, ā1) and δ ∈ (0, 1/2), a fine F <∞ exists such that the
strategies defined by:

P1(a1) = P1(ā1) = δ, P1(a∗1) = 1− 2δ, and Pi (a
∗
i ) = 1 ∀i > 1,

are an equilibrium for the sharing rule define by:

y ∈ Y1 ⇒ s1(y) = c1(y), si (y) = (y − c1(y))/(n − 1) ∀i > 1,

y /∈ Y1 ⇒ s1(y) = y + (n − 1)F , si (y) = −F ∀i > 1.
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Conclusion

In this paper:

A necessary and sufficient condition is provided for a partnership to
sustain full efficiency.

As in the case of Leontief Production Function example.
Consistent with Holmstrom (1982)’s Budget Breaker that has no
influence on the output, but sets the budget such that everybody
implements their first best effort.

Approximate efficiency is shown to be achievable in large class of
partnerships.

As in the case of Increasing Production Function and Compact Action
Set example.
Limited Liability may restrict the degree to which we approximate
efficiency. Hence, it’s good to include some wealthy partners in a
partnership!
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Introduction

Generally, tournaments ignore the information in an inefficient way.

This paper:

Studies the environment under which tournaments and independent
contracts perform better than the other.

In its setup: one risk-neutral principal employs many risk-averse
agents.

Peyman Shahidi (TeIAS) Moral Hazard Presentation October 23, 2019 12 / 20



Notation and Assumptions

N = {1, 2, ...n} risk averse agents, each with utility:

U i (mi , xi ) = u(mi )− xi ,

where mi , and xi are agent’s income and effort, respectively, and u(.)
is strictly increasing and strictly concave.

The output of agent i , yi , depends stochastically on his effort level xi :

yi = zi + η,

where zi is a random variable whose distribution depends on xi , and η
is a random variable affecting all of the agents.

Let F ( ; xi ) denote the conditional CDF for zi given xi ; since the
agents are identical ex ante, F does not depend on i .
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Notation and Assumptions - Continued

The agents observe private signals σi ∈ R about η before choosing
their effort level. Let G denote the CDF for (η, σ).

Assume that zi and (η, σ) are independent and η has zero mean.

The principal:

Only observes the outputs, y = (y1, ..., yn), and not the agents’ effort
levels.

Pays v(y) ≡ u(R(y)) in util for a reward function R(y).

Wants to maximize:
E[y − u−1(v(y))],

subject to agents’ ICs and IRs.
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Independent Contracts

The problem of the principal is to choose the optimal (v ,X ) subject
to agents’ constraints:

Sci (G ) ≡ {(v ,X )|v : R+ → [0,B], X : R→ R+;

X (σi ) ∈ arg max
x

∫
v(y)

∫
f (y − η; x)dG (η, σ−i |σi )dy − x ∀σi ,∫ ∫

(v(y)− X (σi )) f (y − η;X (σi ))dG (η, σ)dy ≥ u0 }

The expected payoff of the principal is:

Pci (v ,X ,G ) ≡
∫ ∫

(y − u−1(v(y))) f (y − η;X (σi ))dy dG (η, σ)
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Tournaments

The prizes are w = (w1,w2, ...,wn) in utils.
In tournaments, the rank order of the outputs depend only on the zi s
and NOT on η:

yi ≥ yj ⇐⇒ zi ≥ zj .

The problem of the principal is to choose the optimal (w , x̄) subject
to agents’ constraints:

ST (n) ≡ {(w , x̄)|w ∈ [0,B]n, x̄ ∈ R+;

x̄ ∈ arg max
x

1

n
Σn
j=1 wj

∫
f (z ; x)

f (z ; x̄)
φjn(z ; x̄)dz − x ,

1

n
Σn
j=1 wj − x̄ ≥ u0 }

where φnj is the j th order statistic of (z1, ..., zn).
The expected payoff of the principal is:

PT (n,w , x̄) ≡
∫ ∫

y f (y − η; x̄)dG (η, σ) dy − 1

n
Σn
j=1 u−1(wj)
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Main Results

A1: There is no common error term. i.e. if:∫
σ∈Rn

dG (η, σ) ≡

{
0 for η < 0

1 for η ≥ 0

* Proposition 1 : For any F, G satisfying A1, and n ≥ 2, given
(w , x̄) ∈ ST (n), there exists (v ,X ) ∈ Sci (G ), i = 1, ..., n, such that:

Pci (v ,X ,G ) ≥ PT (n,w , x̄), i = 1, ..., n.

The inequality is strict unless (w , x̄) = ((u0, u0, ..., u0), 0).

Corollary 1 : Let F, G satisfying A1, and n ≥ 2 be given. Then:

max
(v ,X )∈Sci (G)

Pci (v ,X ,G ) ≥ max
(w ,x̄)∈ST (n)

PT (n,w , x̄), ∀i .
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Main Results - Continued

A2: each member of the sequence {Gk}∞k=1 has a density function gk
such that: ∫

gk(η, σ−i |σi )dσi ≡ gki (η|σi ) <
1

k
, ∀η, σi , i .

* Proposition 2 : Let F, {Gk}∞k=1 satisfying A2, and n ≥ 2, be given.
Assume that fx(z ; x) is a function of bounded variation in z , for all
x ≥ 0, and that the bound, M, is uniform in x . Then, there exists K
such that for all k > K :

max
(w ,x̄)∈ST (n)

PT (n,w , x̄) ≥ max
(v ,X )∈Sci (Gk )

Pci (v ,X ,Gk), ∀i .

The inequality is strict unless the lefthand side is equal to P0.

Peyman Shahidi (TeIAS) Moral Hazard Presentation October 23, 2019 18 / 20



Conclusion

Tournaments:

1 Tend to reduce the randomness of agent’s compensation by filtering
out the common shock.

2 Also tend to increase the randomness in agent’s compensation by
making his reward depend on the idiosyncratic shocks of his peers.

Propositions 1, and 2, show that the relative (dis)advantage of
tournaments versus contracts depends on which effect dominates.

The reason why tournaments are popular is that:

It is much easier for the principal to determine the agents’ rankings
rather than to measure their effort levels.

Tournaments filter out common shocks which is important if the
distribution is unknown (such as nonstationary environments).
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Thanks for your attention!
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